Introduction
Orthogonal polynomials in one [1, 13, 15] or several variables [2, 9, 14] are very useful in many areas of the applied mathematics and technical applications. We consider two systems of orthogonal polynomials in one real variable. Let {p n (x)} ∞ n=0 be a system of orthonormal polynomials on I ⊂ R with respect to the weight function w(x) and a system of orthonormal polynomials {q n (x)} ∞ n=0
on the same interval I associated with a generalized weight function
where the factor h(x) satisfies some specific conditions. A typical example is the case when the weight function w(x) is associated with so-called classical orthogonal polynomials. In the paper [8] J. Korous dealt with the boundedness and uniform boundedness of polynomials {q n (x)} ∞ n=0 orthonormal on a finite interval I. This concept of the generalization of the weight function is analyzed in [3, 4, 5, 10, 11, 12] and for orthogonal polynomials in two variables in [6] . Some of technical application of the polynomials in two variables may be found in [7] .
Orthogonal polynomials in several variables
In this paper we will use the notation given in the monograph [2] . Let d-tuple of non negative integers be a standart multi-index,
The number |α| = α 1 + α 2 + . . . + α d , is called the total degree of the monomial x α . Polynomial in d variables is a linear combination of monomials
where c α ∈ R. Total degree of this polynomial is the highest degree of its monomials. For n ∈ N 0 , we denote the set of polynomials in d variables as Π d n . Polynomial in several variables is called a homogeneous polynomial, if each its monomial has the same total degree. Let us denote P d n the set of such polynomials of the degree n, i.e.,
Based on prior, each polynomial in d variables of total degree n, can be written as a linear combination of relevant homogeneous polynomials
The dimensionality of these sets in accordance with [2] are
It will be interesting and for further consideration also necessary to clarify the relationship between the polynomials in d variable of total degree n and homogeneous polynomials of degree n
Let us turn the attention to the orthogonal polynomials in several variables. Let us denote by •, • the scalar product on the set Π d n . Using the weight function w(x), we have
The system of polynomials {P k α (x)} |α|=k , k = 0, 1, ..., is orthogonal, if
If also P α , P α = 1, then the system is orthonormal. Let the polynomial P (x) from the system {P k α (x)} |α|=k is given and the total degree (deg P = n) of this polynomial is n. Then for any polynomials of the lower degree Q (x) ∈ Π d n−1 , the condition P, Q = 0 holds. In the following, unless stated otherwise, we will consider the polynomials in d variables.
3 Multiplying the weight function by a rational function Theorem 3.1. Let for two polynomials R r (x) and S s (x) the following inequalities
} |α|=k be the systems of orthonormal polynomials, where P k α (x) be polynomials orthonormal on the bounded domain G with respect to the weight function h(x) and Q k α (x) be polynomials orthonormal on the same domain G with respect to the generalized weight function
and let
on G, where H does not depend either on any variable x = (x 1 , x 2 , . . . , x d ) , or on the degree of the polynomials P k α (x). Then, for any polynomial Q n β (x), deg Q = n, the following inequalities hold:
Proof. The product R r (x) Q n β (x) will be expressed in the form
where the coefficients c k α are given as
This relationship can be easily written in the following form
If |α| + s < n, these integrals, based on the orthogonality of the polynomial Q n β (x) on the domain G with the weight function (4), equal to zero. Thus for k = |α| < n − s holds that c k α = 0 and we may write
Next, let on G be applied
i.e., K R is the maximum of the polynomial R r (x) on the domain G and K S is the maximum of the polynomial S s (x) on the same domain G. Using the Schwarz inequality for non-zero coefficients, we have
.
From orthonormal properties of polynomials Q n β (x) and P k α (x) with the corresponding weight functions, we get
The sum (9) has (according to (3)) at most
terms. Thus the inequality (6) follows from the relations (9), (10) and (5). If s ≥ n, the sum (8) has at most
terms and the inequality (7) follows from the relations (8), (10) and (5).
Reproducing kernel
The orthogonal polynomials in one variable have many specific properties. One of them is the three-term recurrence relation and the expression of the reproducing kernel K n (x, t) (the Christoffel-Darboux formula for polynomials
which plays a fundamental role in many problems in the theory of orthogonal polynomials. For orthogonal polynomials in d variables (x =(x 1 , . . . , x d ) and y =(y 1 , . . . , y d )) the kernel of the n-th degree can be, similarly to the case of the polynomials in one or two variables, defined in the following way
Weight function with separated variables
Let P k α (x) |α|=k be an orthonormal system with the weight function with separated variables
where w 1 (x 1 ) , w 2 (x 2 ) , . . . , w d (x d ) are weight functions associated with orthonormal systems p
where α i are degrees of the polynomials p α i (x i ) and
In the previous section we discussed the reproducing kernel. In this case, for the orthonormal system P k α (x) |α|=k with the weight function (13), we get according to (14) 
Thus, we obtain the estimation
where the kernels K n (x i ) with the weight functions w i (x i ).
Theorem 5.1. Let P k α (x) |α|=k be a system of orthonormal polynomials (14) with the weight function
Let Q k α (x) |α|=k be a system of orthonormal polynomials with the weight function
on G. Let the function h (x) be bounded on G and
Then, the following estimation
holds on G.
Proof. The polynomials Q n β (x) can be represented in the form
where the coefficients are determined by the equalities
Substituting (19) into the expansion (18), we obtain
The sum in the integrand is the kernel of the n-th degree given by (12)
According to (15) we get
Then, using the condition (16), we get
n (y 1 , y 1 ) · . . . · K .
From the properties of orthonormality of the system P k α (y) |α|=k with the weight function w (y) · h (y),
follows. Since kernels K (i)
n (x i , x i ) are associated in the order with the systems of orthonormal polynomials p Finally, we get the statement of the theorem
